Neutrinos in Warped Extra Dimensions 



G. Moreau *, J. I. Silva-Marcos ^ 

CFTP, Departamento de Fwica 
Instituto Superior Tecnico, Avenida Rovisco Pais, 1 
1049-001 Lishoa, Portugal 

February 2, 2008 



Abstract 

Amongst the diverse propositions for extra dimensional scenarios, the model of Randall 
and Sundrum (RS) , which offers a solution for the long standing puzzle of the gauge hierarchy 
problem, has attracted considerable attention from both the theoretical and experimental 
points of view. In the context of the RS model with gauge bosons and fermions living in the 
bulk, a novel type of mechanism has arisen for interpreting the strong mass hierarchy of the 
Standard Model fermions. This purely geometrical mechanism is based on a type and flavor 
dependent localization of fermions along a warped extra dimension. Here, we find concrete 
realizations of this mechanism, reproducing all the present experimental data on masses and 
mixings of the entire leptonic sector. We consider the case of Dirac neutrino masses (due to 
an additional right handed neutrino) where the various constraints on RS parameter space 
are taken into account. The scenarios, elaborated in this paper, generate the entire lepton 
mass hierarchy and mixing, essentially, via the higher-dimensional mechanism, as the Yukawa 
coupling dependence is chosen to be minimal. In addition, from the above mechanism, we 
predict the lepton mixing angle 10~® < sinSia < 10~^, a neutrino mass spectrum with normal 
hierarchy and the smallest neutrino mass to lie in the range : 10-"eV < < IQ-^eV. A 
large part of the sin interval should be testable in future neutrino experiments. 
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1 Introduction 



At the moment, string theory [1] is the main candidate which allows to incorpo- 
rate gravity into a quantum framework unifying the elementary particle interac- 
tions. String theory is based on the existence of additional spatial dimensions [2, 3]. 
Recently, a renewed interest for those extra dimensions has arisen due to several 
original proposals for universal extra dimension models [4] (in which all Standard 
Model fields may propagate in extra dimensions) as well as brane universe models 
[5]-[9] (in which Standard Model fields live in our 3-dimensional spatial subspace) 
or intermediate models [10, 11, 12] (in which only gauge bosons and Higgs fields 
propagate in extra dimensions while fermions are 'stuck' at fixed points along these 
dimensions) . In particular, among the brane universe models, the two different sce- 
narios suggested by Arkani-Hamed, Dimopoulos and Dvali (ADD) [13, 14, 15] (with 
large flat extra dimensions) and by Randall and Sundrum (RS) [16, 17]^ (with a 
single small warped extra dimension) have received considerable attention. 

Extra dimensional models constitute alternatives to the extensively studied su- 
persymmetric theories [35], in the sense that these models have the following ad- 
vantages. First, the ADD and RS brane models address a long standing puzzle: 
the gauge hierarchy problem (huge discrepancy between the gravitational scale and 
electroweak scale). Secondly, a unification of gauge couplings possibly occurs either 
at high scales (~ 10^^ GeV) [36]-[40] within small warped extra dimension models or 
at lowered scales (~ TcV) [41, 42] within large flat extra dimension models. Finally, 
from a cosmological point of view, there is a viable Kaluza-Klcin WIMP candi- 
date [43] for the dark matter of the universe in both the universal extra dimension 
[44, 45, 46] and warped geometry [47, 48] models. 

The additional interest for extra dimensional models concerns the mysterious ori- 
gin of the strong mass hierarchy existing among the different generations and types 
of Standard Model (SM) fermions. These models have lead to completely novel types 
of approach in the interpretation of the SM fermion mass hierarchy, which is attrac- 
tive, as it does not rely on the presence of any new symmetry in the short-distance 
theory, in contrast with the conventional Froggatt-Nielsen mechanism [49] which 
introduces a 'flavor symmetry'. Indeed, the interpretation is purely geometrical, 
and is based on the possibility that SM fermions have different localizations along 
extra dimension(s) which depend upon the flavor and type of fermions, a scenario 
realizable in both the ADD [50]-[58] (see [59]-[65] for concrete realizations) and RS 
[66] (see [67] for a realization in RS extensions) models. 

At this level, one may mention the other higher-dimensional views suggested in 
literature [68]-[73] for generating an important SM fermion mass hierarchy. More 
speciflcally, some higher-dimensional ideas have been proposed, within the ADD 
[74, 75, 76], RS [77, 78, 79] or RS extension [80] frameworks, in order to explain the 
hghtness of neutrinos relatively to other SM fermions. 

In this paper, we investigate the possibility that the SM fermion mass hierarchy 
is created through the type and family dependence of fermion locations within the 
warped geometry of the RS model (the RS model does not need any new energy scale 
in the fundamental theory, in contrast with the ADD model). In such a scenario, the 
quark mass hierarchy as well as the CKM mixing angles can be nicely accommodated 
as shown in [81]. Here, we will construct the specific concrete realizations of this 

^See also [18]- [34] for extensions of the RS model. 



scenario in the leptonic sector. More precisely, we will determine the domains of 
parameter space with minimum fine-tunning (describing fermion locations), which 
reproduce all the present experimental data on leptonic masses and mixing angles, 
and relying only on a minimal dependence of the Yukawa coupling structure. The 
domains of parameter space obtained in this way will give rise to predictions on the 
neutrino sector. 

Within the context of different SM fermion locations along a warped extra di- 
mension, the case of Majorana neutrino masses has already been studied: the results 
are that neutrino masses and mixing angles can be accommodated in both scenarios 
where neutrinos acquire masses through dimension five operators [82] and via the 
see-saw mechanism [83]. In our present article, we consider the case of Dirac neu- 
trino masses within the minimal scenario where a right handed neutrino is added 
to the SM fields. In a preliminary work [84] on Dirac neutrinos, the charged Icpton 
Yukawa coupling constants were assumed to be diagonal in flavor space (for reasons 
of simplification). However, this is equivalent as to introduce unexplained strong hi- 
erarchies among the Yukawa coupling constants. In contrast, in our present article, 
we assume the natural quasi universality of all lepton Yukawa coupling constants so 
that the lepton mass hierarchy is solely governed by the above higher-dimensional 
mechanism. Therefore, in our framework, the whole lepton mass hierarchical pat- 
tern, can be interpreted in terms of the higher-dimensional mechanism, thus solving 
the lepton mass hierarchical problem. 

The organization of this paper is as follows. In Section 2, we describe the effective 
lepton mass matrices arising when the leptons possess different localizations along 
the warped extra dimension of the RS model. In Section 3, we make a short review 
of the experimental constraints applying on the considered RS scenario. In Section 
4, we concentrate on the phenomenological implications of the model and present 
the domains of parameter space that reproduce the last experimental set of data 
concerning the whole leptonic sector. Then, in Section 5, some predictions on the 
neutrino masses and mixing angles are given and compared with the sensitivities of 
future neutrino experiments. Finally, we conclude in Section 6. 

2 Theoretical framework 

2.1 The RS geometrical configuration 

The RS scenario consists of a 5-dimensional theory in which the extra spatial dimen- 
sion (parameterized by y) is compactified on a S^/Z2 orbifold of radius Rc (so that 
—ttRc < y < 'kRc)- Gravity propagates in the bulk and the extra spatial dimension 
is bordered by two 3-branes with tensions A(j^=o,7riZc) (vacuum energy densities) tuned 
such that, 

Afe=o) = -My=nR.) = -A/A; = 24kMl, (1) 

where A is the bulk cosmological constant, M5 the fundamental 5-dimensional grav- 
ity scale and k a characteristic energy scale (see below). Within this background, 
there exists a solution to the 5-dimensional Einstein's equations which respects 4- 
dimensional Poincare invariance. It corresponds to a zero mode of the graviton 
localized on the positive tension brane (namely the 3-brane at y — 0) and to the 



following non-factorizable metric, 

^ e-'^^^y\^^dx''dx'' + dy'^, with a{y) = k\yl (2) 

x'^ [;U = 1,...,4] being the coordinates for the familiar 4 dimensions and t^^i/ = 
diag{—l, 1, 1, 1) the 4-dimensional flat metric. The bulk geometry associated to the 
metric (2) is a slice of Anti-dc-Sitter (AdS^) space with curvature radius 1/k. 

Let us now describe the physical energy scales within this RS set-up. While on 
the 3-brane at y = (referred to as the Planck-brane) the gravity scale is equal 
to the (reduced) Planck mass: Mpi = I/VSttCtv = 2.44 lO^^GeV {Gn = Newton 
constant), on the other 3-brane at y — ttRc (called the TeV-brane) the gravity scale, 

M^^w Mpu (3) 

is affected by the exponential "warp" factor w — e~'^'^^=. Prom Eq.(3), we see that 
for a small extra dimension such that Rc — 11/ k {k is typically of order Mpi), one 
has w ~ 10"^^ so that = C(l)TeV. Hence, the gravity scale on the TcV- 
brane can be of the same order of magnitude as the electroweak symmetry breaking 
scale. Moreover, if the SM Higgs boson is confined on the TeV-brane, it feels a 
cut-off at = C(l)TeV which guarantees the stabihty of Higgs mass with respect 
to divergent quantum corrections. Therefore, the RS model completely addresses 
the gauge hierarchy question. 

Besides, by considering the fluctuations of the metric (2), one obtains (after integra- 
tion over y) the expression for the effective 4-dimensional gravity scale as a function 
of the three fundamental RS parameters {k, Rc and M5): 

M|.j = M(i_e-2-^«^). (4) 

The feature that the effective 4-dimensional gravity scale is equal to the high Planck 
mass Mpi insures that gravitational interactions appear to be weak from the 4- 
dimensional point of view, according to experience. 



2.2 The effective lepton mass matrices 

In order to generate the SM fermion mass hierarchy through the considered higher- 
dimensional mechanism, the fermions must reside in the bulk ^ (this is also required 
for the existence of a Kaluza-Klein WIMP candidate in the RS model). Then, the 
SM gauge bosons must live in the bulk as well, if the 5-dimensional gauge invariance 
is to be maintained ^ (gauge bosons have to be in the bulk also, to permit the gauge 
coupling unification in the RS model). 

Another condition necessary to produce the SM fermion mass hierarchy, already 
mentioned in Section 1, is that the SM (zero mode) fermions have different local- 
izations along the warped extra dimension of the RS model. For that purpose, each 
type of SM fermion field "i/i (i = {1,2,3} being the flavor index) is coupled to its 
own 5-dimensional mass rrii in the fundamental theory as, 

j d^x JdyVG rrii^i^i, (5) 

■^The behavior of fermions in the bulk was investigated in [77]. 

^The consequences of SM gauge bosons in the bulk were studied in [85, 86] and in [87, 88] the complete SM was 
put in the bulk. 



where G = e~^'^^'^^ is defined by Eq.(2)) is the determinant of the RS metric. In 

order to modify the locahzation of zero mode fermions, the masses must have a 
non-trivial dependence on the fifth dimension, more precisely, a '(multi-)kink' profile 
[6, 89]. The masses rrii could be the Vacuum Expectation Values (VEV) of some 
scalar fields. An attractive possibility is to parameterize the masses as [90], 

rui = Ci ^f^-M ^ -I- c- /c, (6) 
dy 

where the q are dimensionless parameters. The masses (6) are compatible with 
the Z2 symmetry {y —>■ —y) of the /'L2 orbifold. Indeed, they are odd under 
the Z2 transformation, like the product (as fermion parity is defined by: 

'^±{—y) — i75^±(z/)), so that the whole term (5) is even. 

Taking into account the term in (5), the equation of motion in curved space-time 
for a 5-dimensional fermion field, which decomposes as (n labeling the tower of 
Kaluza- Klein excitations), 

00 

^^==Y.^T\x>^)f:{yl (7) 

admits the following solution for the zero mode wave function along extra dimension 
[66, 77], 

J'2-Ci)a(y) 

fiiv) = (8) 



where the normalization factor reads as. 



27rfci?c(l/2-Ci) _ 1 

° 27rA;i?e(l/2 - q) ■ ^ ' 

Eq.(8) shows that, if Cj increases (decreases), the zero mode of fermion is more 
localized near the boundary aX y = Q [y = irRc), namely the Planck(TeV)-brane. 

The SM fermions can acquire Dirac masses via their Yukawa coupling to the 
Higgs VEV. This coupling reads as (starting from the 5-dimensional action), 

J d^x J dyVG (^aff H^+i<i/_j + h.c^ = J d^x M^j ^pf}^p% + h.c. + . . . , (10) 

where are the 5-dimensional Yukawa coupling constants, the dots stand for 
Kaluza-Klein (KK) excited mode mass terms and the effective 4-dimensional mass 
matrix is given by the integral: 



-J dy^^^ H{y)mm- (11) 

As discussed in Section 2.1, the Higgs profile must have a shape peaking at the 
TeV-brane: we assume the following exponential form, 

iJ(y) = Ho e^^^d^/l-'^-Rc), (12) 

which can be motivated by the equation of motion for a bulk scalar field [91]. Using 
the boson mass, one can express the amplitude Hq in terms of kRc and the 
5-dimensional weak gauge coupling constant g^^^ . 



From Eq.(ll), we observe that even for universal Yukawa coupling constants 
(here we assume the natural quasi universality: af^ = HijQ^^^ with 0.9 < \Kij\ < 1.1, 
following the philosophy adopted in [81, 82]), the SM fermion mass hierarchy can 
effectively be created. Indeed, the fermion masses Mij can differ greatly (spanning 
several orders of magnitude) for each flavor i, j as the overlap between Higgs profile 
H{ii) and zero mode fermion wave function fQ^y) varies with the flavor. The reason 
is that the zero mode fermion wave functions are flavor dependent through their 
dependence on Cj parameters (see Eq.(8)). 

The analytical expression for the fermion mass matrix (11), obtained by integrat- 
ing over y, has been derived in Eq.(A.l) of Appendix A. This expression involves 
only the quantities Kij, kRc and q because the g'^^'^ dependences introduced by the 

(5) 

amplitude and Yukawa coupling alj exactly compensate each other. Therefore, 
the dependences of charged lepton and neutrino Dirac mass matrices of type (11) 
read respectively as. 

Ml = MI^{k\^, kR,, cf, 4) and = M^.(4, kR,, cf , c^^), (13) 

where (Kij) arc associated to the charged lepton (neutrino) Yukawa couplings, 
4 ('^i) parameterize (c./. Eq.(6)) the 5-dimensional masses (c./. Eq.(5)) for right 
handed charged leptons (additional right handed neutrinos) and cf parameterize the 
5-dimensional masses for fields belonging to lepton SU{2)l doublets (namely both 
left handed neutrinos and left handed charged leptons). 

3 Experimental constraints 
3.1 Large KK masses 

Next, we discuss the different kinds of constraints on the parameters of the RS model 
(k, Rc and M5) as well as on the 5-dimensional mass parameters (cf ''''^) within our 
framework where gauge bosons and SM fermions reside in the bulk. 

• k and M^: The bulk curvature must be small compared to the higher-dimensional 
gravity scale {k < M5). Thus, the RS solution for the metric {cf. Eq.(2)) can be 
trusted [17]. In order to consider the most natural case, where there is only one 
energy scale value in the RS model, we first assume the limiting situation (as in 
[81, 84, 92]): 

= Ms ~ Mpi. (14) 

This equality between M5 and Mpi comes from Eq.(4) together with our choice of 
the k value and the fact that one must have kRc — 11, as explained in Section 2.1. 

• Rc'. Furthermore, precision electroweak (EW) data place constraints on the RS 
model [93]- [98]. The reason is, that deviations from precision EW observablcs arise 
in the framework of RS model with SM fields (except the Higgs) inside the bulk. 
We briefly review these EW constraints. 

First, the mixing between the top quark and its KK excited states results in a 
new contribution to the p parameter which exceeds the bound set by precision EW 
measurements [93, 94]. Nevertheless, there is a way to circumvent this problem by 



choosing a certain localization configuration for quark fields (or in other words, cer- 
tain values of the 5-dimensional mass parameters q for quarks) . 
Secondly, mixings between the EW gauge bosons and their KK modes (which go 
typically like iTi'^/mj^j^) also induce deviations from some precision EW observables, 
leading to experimental constraints on the RS model. E.g. considerations regard- 
ing modifications of the weak gauge boson masses lead to the experimental bound: 
iTT-KK ^ lOTeV [95] where itikk — iT^K^xi^^) mass of first KK excitation of 

W gauge boson (the difference between m^KKi^'^) ''^K^Ki^^) insignificant in 
the RS model). The deviations from W boson coupling to fermions on the Planck- 
brane (TeV-brane) constrain the RS model via: rriKK ^ 4TeV {rriKK ^ 30TeV) [95] . 
This experimental bound depends on the localization of SM fermion fields in the 
bulk (and thus on the values of mass parameters q for SM fermions) which fixes the 
effective amplitude of weak gauge boson coupling to fermions. If the weak gauge 
boson masses and couplings are treated simultaneously, one obtains the conservative 
bound niKK ^ lOTeV for a universal value of SM fermion mass parameters q lying 
in the range [—1, 1] (and for 10~^ < k/M^ < 1) [96]. Finally, a global analysis based 
on a large set of precision EW observables was performed in [97] and has yielded a 
lower bound on itlkk varying typically between and 20TeV for a universal value 
of SM fermion mass parameters which verifies: |c| < 1. 

Experimental bounds on Flavor Changing (FC) processes may also constrain the 
RS model since significant FC effects can be generated in the RS scenario with bulk 
SM fields [84, 92, 99], as will be discussed in the following. 

First, the additional exchange of heavy lepton KK excitations prevents the cancel- 
lation (originating from the unitarity of leptonic mixing matrix) which suppresses 
the SM contributions to FC processes like lepton decays: fi —>■ ej, t —>■ /ij and 
T — > 67. For niKK — lOTeV, one can have some values of mass parameters cf ''''^ 
reproducing the correct lepton data (under the hypothesis of Dirac neutrino masses 
and the assumption of flavor diagonal charged lepton Yukawa couplings) such that 
the branching ratios for these three rare decays (calculated in the RS framework) 
are well below their experimental upper limit [84] . 

Secondly, the non- universality of neutral current interactions induces flavor violating 
couplings, due to the flavor dependence of fermion localization, when transforming 
the flelds into the mass basis, and thus, tree-level FC effects are generated through 
the (KK) gauge boson exchanges. For uikk — lOTeV and certain values of mass 
parameters cf fitting the known leptonic masses and mixings (if neutrinos acquire 
Majorana masses via dimension five operators), all the rates of leptonic processes 
li,lj, li 3lj, fiN eA^ and Zj Ij'-f [li = {e,fi,r}] (induced by the FC 
effects mentioned just above) are compatible with the corresponding experimental 
bounds [92]. Similarly, for ttikk — lOTeV and some values of the quark parameters 
Cj in agreement with quark masses and mixings, mass splittings in neutral pseudo- 
scalar meson systems can satisfy the associated experimental constraints [92]. 

In order to take into account the above constraints on the RS model from precision 
EW data and results from experimental bounds on FC reactions (which both depend 
on the Ci parameter values), we fix the first KK gauge boson mass at the typical 
value rriKK = lOTeV, because, in the following, various values of the q parameters 
(fitting lepton data) are considered. This KK mass choice is equivalent^ (for the k 

^The mass of first gauge boson KK excitation is given by iukk = 2.45 k e~'^*^= in the RS model [97]. 



value of Eq.(14)) to the value of RS parameter product kRc'. 



kRc = 10.83 (15) 

We stress that the above constraints from precision EW measurements, derived for 
universal values of SM fcrmion parameters q, do not strictly apply to our analysis, 
since we will consider flavor and type dependent values of parameters cf''''" (so that 
the whole lepton flavor structure can be accommodated). Similarly, the above results 
from FC effect considerations do not strictly apply to our scenario, because these 
arc obtained for values of parameters cf ''''^ different from the ones we will take here 
(and which must fit the Dirac neutrino masses without relying on a strict Yukawa 
coupling dependence). 

We can check that the kRc value of Eq.(15) is well consistent with a resolution 
of the gauge hierarchy problem (see Section 2.1): indeed this value leads to a 5- 
dimensional gravity scale on the TeV-brane of = 4TcV (c./. Eq.(3)). 

Besides, for this choice itlxk = lOTcV, the mixings between the zero modes of 
the quarks or leptons and their KK excitations, induced by the Yukawa couplings 
(10), are not significant, as shown in the studies [81, 82, 84, 92]. Indeed, the KK 
fermion excitations are then decoupled since their masses are larger than (or equal 
to) rriKK (for any q value) in the RS model [97]. 

The first consequence of this small mixing is that the quark/ lepton masses and mix- 
ing angles can be reliably computed from the mass matrix Mjj for the zero modes 
(see action (10)) as the mass corrections due to KK modes can be safely neglected 

[81, 82, 84, 92] (as well as at the one loop-level [81, 100]). 

Another consequence is that the variation of effective number of neutrinos contribut- 
ing to the boson width, induced by mixings between the zero and the KK modes 
of neutrinos, is well below its experimental sensitivity, as shown in [84], for charac- 
teristic values of the parameters cf''^ (of order unity) reproducing the correct Dirac 
neutrino masses and mixing angles. 

• cf Prom a theoretical point of view, the natural values of 5-dimensional masses 
rrii {c.f. Eq.(6)) appearing in the original action (5) are of the same order of magni- 
tude as the fundamental scale of the RS model, namely the bulk gravity scale M5, 
avoiding the introduction of new energy scales in the theory. Hence, for k = M5 
(like in Eq.(14)), the absolute values of lepton parameters cf''''" (defined by Eq.(6)) 
should be of the order of unity: 

|cf'''1 ~ 1. (16) 

Next, we present all the existing bounds concerning the 5-dimensional mass pa- 
rameters Cj. The motivation is to get an idea of what is the typical range allowed 
for Q values. Nevertheless, the reader must keep in mind that these bounds have 
been obtained under the simplification assumption that each of the parameters q 
are equal to a universal value c. This does not strictly apply to our scenario, where 
the parameters cf ''''^ are fiavor and type dependent. 

For a universal value c < 0.3, considerations on contributions of virtual KK tower 
exchanges to fermion pair production (similarly to contact-like interactions) at col- 
liders (LEP II and Tevatron Run II) force the value to be significantly in excess 
of lOTeV [97], disfavoring then the RS model as a solution to the gauge hierarchy 
problem. 



Bounds can also be placed on c by calculating the contributions to the anomalous 
magnetic moment of the muon due to KK excitation exchanges: the experimental 
world average measurement for (g — 2)^ translates into the bound c < 0.70 (for the 
first KK masses between a few and lOTeV) [100]. 

Finally, an examination of the perturbativity condition on effective Yukawa coupling 
constants yields the constraint c < 0.77 [100]. 

We end this section with a discussion on the effective couplings of non-renormalizable 
four-fermion operators involving lepton fields, as these depend on the location pa- 
rameters cf'^''^. First, the rare lepton flavor violating reactions induced by such 
operators, as for instance the decay /i — > eee, are not expected to reach an observ- 
able rate, unless leptons are locahzed close to the TeV-brane [92], a configuration 
which will never occur for the cf''''" values that we consider here. Such operators, for 
example <5iQiQ2-^3 or UiU2D^E^, are also dangerous as they permit proton decay 
channels [81]. It seems impossible to flnd quark and lepton locations which are in 
agreement simultaneously with the known fermion masses and the proton life time 
[81, 92], pointing to an additional symmetry for example such as baryon or lepton 
number (protecting the proton against its instability). A precise analysis of the 
quark locations is beyond the scope of our study. 

3.2 Small KK masses 

In this section, wc present a different characteristic scenario: we give a possible set 
of RS parameters (giving rise to a smaller uikk than the one mentioned previously) 
and 5-dimensional mass parameters different from the ones proposed in the previous 
section, in agreement with the several types of constraints, in the case where pre- 
cision EW constraints are softened by specific mechanisms (with bulk fermions and 
gauge bosons). 

• Re'. As in the previous section, we maintain the parameter product kRc at, 

fci?e = 10.83, (17) 

so that the TeV-brane gravity scale = 4TeV, while still addressing the gauge 
hierarchy solution. 

• k and M5: Precision EW data place a typical bound on the first KK gauge 
boson mass mxK ^ lOTeV (see Section 3.1), which renders the discovery of the 
gauge boson KK excitations at LHC (via direct production) quite challenging. In- 
deed, the LHC (with an optimistic integrated luminosity of 100/6~^) will be able to 
probe rriKK values only up to about 6TeV for a universal absolute value of the q 
parameters smaller than unity [97] . Nevertheless, some models have been suggested 
in order to make the precision EW lower bounds on ttikk less stringent. This we 
will discuss now. 

In [101], it was proposed to enhance the EW gauge symmetry to SU (2) l x SU (2)r x 
U{1)b-l, recovering the usual gauge group via a breaking of SU(2)ji on the Planck- 
brane. The right handed SM fermions are promoted to SU{2)ji doublet fields, with 
the new (non physical) component having no zero mode. Hence, for example in the 
lepton sector (with an additional right handed neutrino), the right handed c/^ pa- 
rameters would now describe the location of SU{2)r doublets but the total number 



of cf ''''^ parameters would remain identical. Because of the bulk custodial isospin 
gauge symmetry arising in this context, all the precision EW data (including those 
on the "obhque" parameters S, T and the shift in coupling of 6l to can be fit 

with a mass itlkk of only a few TeV. We underhne the fact that this result con- 
cerning rrixK has been obtained for a universal value of cf ''''^ parameters larger than 
1 /2 (in contrast with the non universal q ' ''^ values which will be considered in our 
analysis) . 

Similarly, the brane-localized kinetic terms for fermions [102] or gauge bosons [103], 
which are expected to be present in any realistic theory (induced radiatively and 
also possibly present at tree- level), allow to improve the fit of precision EW observ- 
ables and to relax the resulting lower bound on ttikk value down to a few TeV (see 
[104, 105] for gauge boson kinetic terms and [106] for the fermion case). 

Assume that itlkk = ITcV, and, that one of the above models hold, so that the 
precision EW data do not conflict with such a light gauge boson KK excitation. 
This rriKK value is simultaneously inside the LHC potential search reach (see above) 
and compatible with the present collider bound obtained at Tevatron Run II (with 
a luminosity of 200p6~^ and a center-of-mass energy of 1.96TeV) on the first KK 
graviton mass, namely, miJ^^(G') > 675GeV at 95% C.L. (for k = 0.1M«) [107, 108]. 

Indeed, this bound is equivalent to ttixk > 431GeV since the ratio rn"^j^{G) /rnxK 
is equal to 3.83/2.45 (c./. foot-note 4) in the RS model [97]. 

For the kRc value given by Eq.(17), the typical mass value itikk ~ ITeV that we 
have chosen is obtained for (c./. foot-note 4), 

k = O.lMpi. (18) 

Once the k and Rc parameter values are known, the M5 value is flxed by Eq.(4). 
For the k and Rc values corresponding to Eq.(17) and Eq.(18), M5 is equal to, 

M5 = 1.13 lO^^GeV, (19) 

Thus, the two values of fundamental energy scales k and M5 in the RS model are 
quite close. 

We note that for the choice uikk — ITeV, as in the scenario of previous section 
where rriKK = lOTcV, mixings between the zero and the KK modes of leptons should 
still not be significant, because the KK lepton masses (systematically larger than 
ttikk) remain typically large relatively to the zero mode lepton masses. 

• c^'''*^: Since the masses (6) have to be of the same order as the fundamental 
scale M5, Eq.(18) and Eq.(19) tell us that the natural absolute values of lepton 
parameters cf''''" read as, 

Icf'^'H ^ 4.6 (20) 

The whole discussions of Section 3.1, on all the existing bounds concerning 5- 
dimensional mass parameters q and on the non-renormalizable operators, still hold 
within the characteristic framework considered in this Section. 

4 Realistic RS scenarios 

In this section, we search for the parameter region values which reproduces all the 
experimental data on lepton masses and mixing angles. 



4.1 Approximation of lepton mass matrices 



The analysis of the parameter space requires the study of certain limits. From the 
formula for lepton mass matrices M^j" (sec Appendix A), it is clear that, in large 

regions of the parameter space spanned by cf , , we have to a good approximation: 

Mir - x^- qM) g'Ml (21) 

where the g^ , g'. are suitable functions for a certain region. E.g. for the (as we shall 
see, important) region 1/2 < cf , c- < 3/4, we obtain g. — g'. — g, with 

g{x) = y^SM|ZV2l e'^.i^c(2-.). (22) 

This structure of Mij for the lepton mass matrices, has important consequences and, 
as we will see in the following, will be helpful for a clear understanding of the model. 



4.2 The relevant theoretical parameter space 

As mentioned in Eq.(13), the lepton mass matrices depend on the parameters: , 
kRc and c^''''^. 

• kRc'. According to Eq.(15) and Eq.(17), corresponding to the two considered 
scenarios of Sections 3.1 and 3.2, wc take the characteristic value 10.83 for the 
parameter product kRc- Nevertheless, our results (for k-^ and cf''''" values) and pre- 
dictions (on neutrinos) are not significantly modified for kRc not exactly equal but 
only close to 10.83. Different orders of magnitude for kRc are not desirable because 
the condition kRc ~ 11 is needed for solving the gauge hierarchy problem. 

• We describe the range for the cf''''" values and our motivations for choosing 
this range. With respect to the typical cf'''" values, the two scenarios proposed re- 
spectively in Sections 3.1 and 3.2 arc equivalent in the sense that their characteristic 
relation (16) and (20) both lead to of'''" with absolute values of order of unity, if 
one does not consider high ' ''^l values as excluded by the various existing bounds 
mentioned at the end of Section 3.1 (although those have been deduced under the 
simplification hypothesis of a unique and universal cf'''" value). Motivated by the 
orders given in Eq.(16) and Eq.(20) as well as the existing bounds concerning cf'''" 
parameters (obtained under the simplification assumption of a universal cf'''" value), 
we restrict ourself to the range: 

0.1 < \cf'''"\ < 5, (23) 

a choice which is appropriate to the two scenarios of large and small rriKK described 
in previous section. We notice that by limiting our analysis to this range, we re- 
strict our search to cf'''" values, which generate the wanted lepton mass hierarchy, 
and which are all of the same order. The existence of such natural values of the same 
order, for the fundamental parameters cf'''" , would confirm the fact that the strong 
lepton mass hierarchy can indeed be totally explained by our higher-dimensional 
model, in contrast with the SM where Yukawa couplings are unnaturally spread 



over several orders of magnitude. 



Some preliminary restrictions on the cf '''"^ values may also be deduced from an ana- 
lytical study of lepton mass matrices M^j'^. From the trace of squared mass matrix 
MiMj , which can be expressed as a function of charged lepton masses: 

J2{Mlf = ml + ml + ml, (24) 

ij 

we find that the largest |M^j|, say^ I ^33 1, must obey the following relation 

\^Jm1-\- + < IM33I < y'm^ + + m^. (25) 

Thus, each column (or row) of Mj^ must have elements which are large enough to 
satisfy the relation 

mem^mr = |detM'| < Q{M^^f ^^\Mlj\ (26) 

for any column {M[j, M^j, M^j) (or similarly for any row). Taking into account that 
\Mlj\ in (26) drops down very rapidly if or c^- is larger than 1, we derive from 
Eq.(26) the following upper limit: 

cf,4.<l.l (27) 

Assuming hierarchical neutrino masses ^, we obtain similar restrictions on, at least 
one, of the Cj, which must not be too large. One may choose this one to be the 

c'(. Using the relation, iy^Amf^ ^ | V "^^1 + "^^2 — I -^33 1' "^^ (with the 

experimental range for Am^i given in Eq.(32)), 

cl<1.5 (28) 



•K^f'- Finally, we discuss the quantities k-'^ which parameterize the Yukawa cou- 
plings (see end of Section 2.2). We assume that the lepton mass matrices, and the 
K,-^ , are purely real. In order to reproduce CP violating observables, one needs to 
introduce complex phases in the Yukawa couplings. A comment will be added, at 
the end of Section (4.4), on general complex values. Concerning the absolute value 
of parameters kI'-j, we consider the natural range (see discussion at the end of Section 
2.2): 

0.9 < < 1.1 (29) 

Indeed, we want to address the question of how much of the phenomenology can be 
accommodated, purely, by kRc and cf'^'^, the extra dimensional parameters, thus, 
reducing the contribution from the SM parameters k-j (proportional to the Yukawa 
coupling constants), as much as possible. Therefore, we study the possibility of 
obtaining correct masses and mixings in the RS model, for the case I i^ij I — 1 , 
allowing only for small perturbations of this value. With regard to the signs of the 

^Assuming that 1, one can choose IM33I and IM33I to be exactly the largest value, without Imposing any 

restrictions on the masses and mixings; it is simply a choice of weaJj basis. 

^In our conventions, the neutrino mass eigenvalues are noted rriui 2 3 with rriui < ruv^ < ruv^ ■ 



parameters k^J ^ let us first assume that all k-^ are positive. Just as an illustrative 

exercise, suppose all = 1. Then, from the structure in (21), we obtain for the 
mass matrices of the neutrinos and charged leptons 

M,^Dl-A-D, [111 

; A= 1 1 1 
Mi^Dl-A-Di [ill 

where = diag(ai_a2, 03)^,, D,^i = diag(6i 62, ^3)1/,/, where the a's and 6's are 
obtained from the g^ and g'. functions in (21). In this simple approximation, only 
the tau and one neutrino eigenstate have mass. Furthermore, the resulting squared 
matrices — M^Mlemd Hi — MiMj are proportional 

H, = Dl-A-Dl P-^ 

; . (31) 

Hi^PiDl-A-Dl pi^ ^hl + hi + hi 

Thus, the matrices and O/, which diagonalize respectively and Hi, are equal; 
there is no mixing: Umns = OjO^, = I, and although small deviations from k^'j — 1 
may be sufficient to generate masses for the other charged leptons and neutrinos, this 

scenario only leads to small deviations from Umns = for the mixing. Therefore, 
at least some of the k^j must be very different from k^j = 1, or have different signs. 

As we maintain {t^i^l close to one, we must allow for some k-j to be negative, in 
order to obtain large mixings (and also to obtain some of neutrino mass differences 
sufficiently large^). However, the negative signs must be at different positions in the 
mass matrices of charged leptons and neutrinos, otherwise, for similar reasons as 
explained in (31), the solar mixing would be too small. In Appendix B, based on an 
analytical approach, we provide explicit examples of k\'^ sign configurations which 
are shown to be satisfactory from the experimental data point of view. 



(30) 



4.3 The relevant experimental lepton data 

Strictly speaking the lepton masses given by Eq.(ll) and Eq.(lO), that we consider 
here, are running masses at the cutoff energy scale of the effective 4- dimensional the- 
ory, which is in the TeV range (if the gauge hierarchy problem is to be treated). If we 
consider lepton masses at this common energy scale, of the order of the electroweak 
symmetry breaking scale, we avoid the effects of the flavor dependent evolution of 
Yukawa couplings on the lepton mass hierarchy. The predictions for charged lep- 
ton masses, obtained from mass matrix (11), will be fitted with the experimental 
mass values taken at the pole [115]. In order to take into account the effect of the 
renormalization group from the pole mass scale up to the TeV cutoff scale (consid- 
ered for theoretical masses), and which is only of a few percents [59], we assume an 
uncertainty of 5% on the measured charged lepton masses. This uncertainty is in 
agreement with our philosophy not to determine the fundamental parameter values 
with too much high accuracy. For similar reasons, we consider the experimental 
data on neutrino masses and leptonic mixing angles only at the Aa level [114]. 

'^In fsLct, for the neutrinos, at least one of the perturbations of k^^ will have to be as large as (9/2)^ Amlj^/Amgj 
> 0.4 to account for the neutrino mass differences [120]. 



Next, we present in detail the Aa data, on neutrino masses and leptonic mixings, 
that will be used in this work. A general three-flavor fit to the current world's 
global neutrino data sample has been performed in [114]. The data sample used in 
this analysis includes the results from solar, atmospheric, reactor (KamLAND and 
CHOOZ) and accelerator (K2K) experiments. The values for oscillation parameters 
obtained in this analysis at the Aa level are contained in the intervals: 

6.8 < Amli < 9.3 [IQ-^eV^], 

1.1 < Am^i < 3.7 [10-^eV% (32) 

where Am|i = m^^ ~ "^^i Amg^^ = m^^ — m^^ are the differences of squared 
neutrino mass eigenvalues, and, 

0.21 < sm^9i2 < 0.41, 

0.30 < sin2^23 < 0.72, 

sin^ < 0.073, (33) 

where 612, 623 and 613 are the three mixing angles of the convenient form of pa- 
rameterization for the leptonic mixing matrix (denoted as Umns) now adopted as 
standard by the Particle Data Group [115]. 

In addition to considerations on the measured lepton mass and mixing values 
mentioned above, one has also to impose the current experimental limits on absolute 
neutrino mass scales. With regard to our case of Dirac neutrino masses, the relevant 
limits are the ones extracted from the tritium beta decay experiments [116, 117, 118], 
since these are independent of the nature of neutrino mass (in contrast with bounds 
from neutrinolcss double beta decay results which apply exclusively on the Majorana 
mass case). The data on tritium beta decay provided by the Mainz [117] and Troitsk 
[118] experiments give rise to the following upper bounds at 95% C.L., 

< 2.2 eV [Mainz], 

mp < 2.5 eV [Troitsk], (34) 

with the effective mass defined by, m| = Yl^i=i l^eiP'^yj, where Uei denotes the 
leptonic mixing matrix elements and m^,. the neutrino mass eigenvalues. 

4.4 The obtained parameter values 

In order to find the domains of parameter space with minimum fine-tunning, and 
in agreement with all present experimental data on leptons (described in Section 
4.3), we have performed a scan on |Cj ' values in the range (23) with a step of 
0.01 simultaneously with a scan on \ values in the range (29) with a step of 0.1. 

We have considered both signs for cf ''''^ values. With respect to the hi^J quantities, 
we have considered 10 different sign configurations, which correspond to all possible 
signs, relevant for the mixing. It is clear, that certain sign configurations are equiv- 
alent (or even irrelevant) as they can be obtained from each other by weak basis 
(permutation) transformations. 



We find that the ''''^ values reproducing the present lepton masses and mixings 
{cf. Section 4.3) correspond to the two configurations, 



and 



c[ 
c^ 


= 0.50 - 
= 0.65 - 
= 1.32 - 


0.52 ; 
0.66 ; 
1.35 ; 


^2 
J 
C2 


= 0.54 - 
= 0.71 - 
= 1.34 - 


0.56 ; 
0.73 ; 
1.36 ; 


C3 
C3 
C3 


= 0.54 
= 0.56 
= 1.32 


-0.56 
-0.57 
-5 


(35) 


cf 
c[ 
c\ 


= 0.27- 

= 0.66- 
= 1.42 - 


0.30 ; 
0.67 ; 
1.43 ; 


„L 
C2 
J 
C2 

C2 


= 0.41 - 
= 0.62- 
= 1.37- 


0.43 ; 
0.63 ; 
1.38 ; 


„L 
C3 
J 
C3 

C3 


= 0.49 
= 0.70 
= 1.38 


-0.50 
- 0.71 
-5 


(36) 



It is clear, that these regions are defined modulo permutations among cf , c\ or c^, 
which for obvious reasons, do not change either the mixings or the masses. These 
correspond to permutations of the left handed or right handed fields, which, of 
course, are irrelevant. The variations in cf, c-^ shown here, are compatible with 

values for kR^. ^11. Essentially, wc find two permitted regions for cf and c-^: one 
where cf > 1/2 and one w here 0.27 < cf < 1/2. 

In the following, wc give an illustrative example, a complete set of parameters 
reproducing the charged lepton masses and present data from neutrino oscillation 
experiments {cf. Eq.(32) and Eq.(33)). The cf'''^ values 

cf = 0.50628 ; cf = 0.55 ; cf = 0.555 

c\ = 0.6584 ; c^ = 0.714 ; c^ = 0.5676 (37) 

d{ = 1.345 ; = 1.34 ; c^ = 1.365, 

together with — —1, = = ^31 = k,'^2 — 1-1' "'^23 — '^33 ~ 0-9 
other k''-^ — 1, lead to the following leptonic observables, 

me = 0.51 MeV; = 105 MeV ; = 1.77 GeV 

Amii = 7.9 10-5 eV; Amfi = 2.0 10"=^ eV ; (38) 

sin2(^i2) = 0.37 ; sin2(^23) = 0.64 ; sin2(^i3) = 0.0033 

One may have CP violation if some of the \Kij\ ~ 1 are complex. E.g. in the 
previous example, if we choose K22 to have the small imaginary part K22 — 1-0 + 
O.li, while keeping all other input values identical, we obtain already a large J = 
|Im (f/i2f^23f^22^i3)l ~ 0.003 (where U = Umns)- The masses and mixings in (38) 
do not change significantly. 

5 Predictions on neutrinos 

We have found the regions of parameter space (sec Section 4.4) that fit all the 
experimental values of lepton masses and mixings {cf. Section 4.3). Those regions 
of parameter space correspond to the values of sin ^13 and neutrino masses shown in 
Figures (1) and (2). 

First, we comment Fig.(l). Except in the region where niy^ gets close to 10-^eV, 
rriy^ is negligible compared to m^.^ (so that m,„.^ ~ -\/Am|j"). The lower and upper 
limits on mj^j, appearing clearly in the figure, are given, to a good approximation, 
by the squared roots of experimental limits on Am|^ {cf. Eq.(32)). This means 
that, in this large region, m,j^ takes nearly all the possible values allowed by present 
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Figure 1: Predicted neutrino mass eigenvalues mi,^ and rrii.^ (in eV). 

experimental measurements, or in other words, that the models, and parameter 
space obtained here, do not yield particular predictions on m,y^. As rrii,^ increases 
up to ~ 10~^eV, mj,2 also increases, thus, the difference Am|^ remains well inside 
the allowed experimental range (32). Similarly, this region is not really predictive 
for m,^,^. A similar conclusion (of low predictability) also holds for m^,^, which lies 
typically in the range: [0.03,0.06] eV, and for m^j^, which spans several orders of 
magnitude as exhibits the figure^. 

In Fig. (2), we have plotted the physical quantities (predicted by our model) that 
will be measured by the future neutrino experiments, namely the leptonic mixing 
angle 6'i3 and the effective mass (defined in Section 4.3). 

The sensitivity hmits on sin^ 2^13 at 90% confidence level [110, 111] (see also [112, 
113]) of future neutrino experiments, designed in particular at probing this lep- 
tonic mixing, are the following ones (for a normal neutrino mass hierarchy and 
best-fit values of the other oscillation parameters) ; for combined conventional beam 
experiments: 0.061 [MINOS, plus, CNGS experiments ICARUS and OPERA], for 
superbeams: 0.024 [NuMI], 0.023 [JPARC-SK], 0.018 [JHF-SK, a first generation 
long-baseline project] and 0.0021 [JHF-HK, a second generation long-baseline beam], 
for reactors: 0.032 [Doublc-Chooz] and 0.009 [Reactor II, a set-up for projects like 
KASKA, Diablo Canyon, Braidwood,. . . ] and for neutrino factories [109]: 0.0017 
[NuFact I, low luminosity] and 0.00059 [NuFact II, high luminosity]. 
Therefore, this figure shows that the next measurements of sin ^13 will only partially 
allow us to test the studied higher-dimensional mechanism. This is because sin ^13 
reaches values which are smaller than the best experimental sensitivities expected. 
This figure also demonstrates that future tritium beta decay experiments should not 
be able to test the mp values predicted by our higher-dimensional mechanism, which 
are too low. 

So far we have only considered the normal hierarchy for the neutrino mass spec- 
trum. An important consequence of the structure of mass matrix (21), for neutrinos. 

For Cg values larger than 5 (see Eq.(23) and Eq.(35)-(36)), Tfii/-. would remain in the same interval as the one 
exhibited by Fig.(l). 
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Figure 2: Predicted values for si^^^l3 and the effective mass mp (in eV), as defined in Section 4.3. 
We indicate the current CHOOZ bound on sin(^i3 (as issued from the three-flavor global analysis 
of neutrino data sample [114] mentioned in Section 4.3) as well as the best sensitivity on sin 6*13 
expected for each type of next coming neutrino experiment (see text), namely the potential reaches 
for combined beam projects, JHF-HK, Reactor II and NuFact II. We also mark the maximum 
estimated sensitivity on m^, planned to be reached by the next generation tritium beta decay 
experiment KATRIN, which is around 0.35 eV [119]. 

is that it is impossible to obtain degenerate, almost degenerate, or even inverse hi- 
erarchical neutrinos, unless there is some precise conspiracy between parameters cf , 
and the Yukawa couplings n^j. E.g. taking k'^j — 1, clearly, leads to strict hierar- 
chical neutrinos. The same applies if there is just one (— ) sign among the k'^j signs 
(see Appendix B)^. Two or three crucial (— ) signs, i.e. (— ) signs which cannot be 
eliminated by rephasing the lepton fields, may lead to 3 neutrinos with masses of 
the same order of magnitude, but to obtain degenerate neutrinos, one must have 
fine-tunning between the functions Qiicf), g'-{c^) and parameters k^-. 

6 Conclusion 

The RS model, with SM fields in the bulk and the Higgs boson on the TeV-brane, 
has been studied. We have considered the typical values of the fundamental RS 
parameters (A;, Rc and Afs) which are compatible with all the relevant constraints: 
the theoretical constraints, e.g. the condition required to solve the gauge hierar- 
chy problem, and the complete set of experimental bounds (from collider data, FC 
physics, precision EW measurements,. . . ). 

We have found configurations of lepton locations, along the extra dimension, re- 
producing all the present experimental data on leptonic masses and mixing angles, 
in the case where neutrinos acquire Dirac masses (with a right handed neutrino 
added to the SM fields). The neutrino and charged lepton sectors have been treated 
simultaneously since these two sectors are related phenomenologically (via the lep- 

^For one (— ) sign, one may have in principle an inverted hierarchy mass spectrum for neutrinos, but as with two 
or three (— ) signs, this requires fine-tunning between g^icf), 9'-{c'j) and 



ton mixing matrix Umns) and theoretically (because the left handed neutrinos and 
charged leptons are localized in an identical way, since they belong to the same 
SU{2)l doublet). The field location configurations, we obtained, generate the entire 
hierarchy among lepton masses, including the structure in fiavor space, as well as, 
the lightness of neutrinos relatively to the charged lepton masses and electroweak 
scale (providing, in this sense, an alternative to the usual see-saw mechanism). 

Besides, we have determined the domains of parameter space with minimum 
fine-tunning, in agreement with all the experimental values of leptonic masses and 
mixings. Then, we have deduced, from the domains, predictions on the two measur- 
able leptonic quantities (with the exception of the physical complex phases) which 
are still unknown (more precisely, weakly constrained), namely the lepton mixing 
angle ^13 and the ground of neutrino mass spectrum (only the two neutrino mass 
squared difi^crcnces arc fixed by the present experimental results). We predict an 
approximate order of magnitude for sin6'i3 lying between 10~^ and 10~^. A part of 
this range should fall into the sensitivity interval reachable by next generation of 
neutrino experiments, which means that the studied mechanism, based on the local- 
ization of bulk fermions within the RS model, should be partially testable (from the 
parameter space point of view) by future experiments. We also predict a neutrino 
mass spectrum with the normal hierarchy and the smallest mass eigenvalue in the 
interval: 10~^^eV < m^xj < 10"^eV. Hence, the studied model within the RS frame- 
work is not especially predictive on neutrino masses, compared e.g. to an equivalent 
model (also producing SM fermion mass hierarchies from fiavor and nature depen- 
dent locations of fields) in the ADD framework which predicts: mj^j ~ 10~^eV (for 
Majorana neutrino masses) [65] . 

Our important quantitative result is that the whole lepton mass hierarchy can 
be completely explained by the studied higher-dimensional mechanism, without re- 
quiring any special pattern for the Yukawa coupling constants. 
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Appendix 



A Fermion mass matrix 

Within the studied higher-dimensional scenario where SM fermions possess various 
locahzations along the warped extra dimension of the RS model, the effective 4- 
dimensional fermion Dirac mass matrix is given by, 



Mij = Kij mo{kRc) 



4 Ci Cj 



(■g27rfci?c(l/2-Ci) _ 2jl/2 (^g27rfc_Rc(l/2-Cj) _ 1^1/2' 

(A.l) 



This formula is obtained after integration of expression (11) over y (on the range 
[— 7ri?c, Tri^c]); by using Eq.(8)-(9) and Eq.(12). For instance, with the value kRc ~ 
10.83 considered in our analysis, the quantity mQ{kRc) entering Eq.(A.l) reads as 
mo(10.83) = 7.61 IQ-^^^eV. 



B Sign configurations 



In this appendix, wc present explicit examples of sign configurations which give 
rise to significant lepton mixings. 

• Let us first assume that all k^- = K\j — 1 except for K33 = K33 = —1. Then 
from (21), we have 



= • A' • D, 
Mi = Dl-A'- Di 



111 

1 1 1 
11-1 



(B.l) 



The (— ) sign in the 33 position of the mass matrices and Mi has two important 
consequences. First, it leads to a non zero mass for the muon and the second 
neutrino eigenstate, and secondly, it generates a large atmospheric neutrino mixing. 
The squared mass matrices H^, — M^Ml and Hi = MiMj are now significantly 
different: 



Hi ^piDl-Vi- Dl 
with C2e^i = cos(26',^^;) and 

cos(^,,) 



^v,i — 



1 1 -C2e 
1 1 -C2e 
-C20 -C20 1 



(B.2) 



- u,l 



cos{9i) 



pi 



(B.3) 



Using a similar parameterization, as for p^^^i in (31), for p^ = v^af7+~^L2~+~^L2' 
finds, in this approximation, the following squared roots of eigenvalues of Hi and Hi, 



respectively: 



m 



1^1 



m. 



V2 



1- Jl-s 



26^^261 



m 



pLpv 
V2 



1- J\-s. 



20 20i/ 



(B.4) 



„2 2 
*26>i*26>i 



m^3 = 



PL Pi 
V2 



„2 2 
*26»i*2e^ 



where S26i^, = sin(2^i^;) and §20^ = sin(2^i), with a suitable parametrization for 
(ai, 02, 03)^ = pL(sin(</?L) sin(6'L), cos{ipl) sin(6'L), cos(^^l)). In addition, the matrices 
Oi,^i which diagonalize H^^i in (B.2), will have the following form 



Ou,i = O^, ■ 



where 



O 



cos{ipl) sm{(fL) 
-sm{ipL) cos{ipl) 
1 



(B.5) 



1 0_ 0_ 
cos(^)_ sin(^) 
-sin(^) cos(^) 

"b.6) 

containing the angle (pi from 



with tan(2^j,^i) = tan(2^^L) cos{26„j). Notice that O^p^, 
the parameterization of {aia2, a3)L, appears both in Ou and Oi, and thus 

"1 " 

cos(^2 sin(^) ; 9 = 91-9^ (B.7) 
-sin(^) cos(^) _ 

One may have large atmospheric mixing, but, unfortunately, no solar mixing^°. 
Therefore, in order to obtain sufficient large solar mixing we must have (— ) signs at 
different places in the mass matrices of the neutrinos and charged leptons. 



Umns = Oq^ ■ {OgJ' 



Next, we study the case ^33 = k, 



13 



-1 with all the other k^,- 



1. 



Due to the different position of the (— ) sign in the charged lepton mass matrix, 
we will obtain diagonalizing matrices which are significantly different. Then, it is 
possible to have large atmospheric and solar mixings. The permutation, induced by 
the different position of the (— ) sign, results in the following diagonalizing matrix 
for the charged leptons: 



1 

1 

1 



(B.8) 



where is similar to O^^, i.e. a rotation of the first and second coordinates, 
but where the angle (pL comes from a different parameterization: (01^02, 03)^ = 
Pl{cos{9l)-i cos(^l) sin(^2,), sin(^L) sin(^2,)), as a result of the permutation. As 
in (B.6), one has tan(2^^i) = iaii{29L) cos{29i): now related to the new 9l of this 
parameterization. It is clear that, due to the permutation, O^p^ and O^^ are not 
equal. In addition, the product O^^ ■ P ■ O^p^, appearing in Umns, does not cancel, 
and therefore, one may have large mixing. 

Again, small variations in Kij will not be sufficient to generate large solar angles. 
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